The Kakutani-Bebutov Theorem (1968) states that any compact metric real flow whose fixed point set is homeomorphic to a subset of R embeds into the Bebutov flow, the R-shift on C(R, [0, 1]). An interesting fact is that this universal space is a function space. However, it is not compact, nor locally compact. We construct an explicit countable product of compact subspaces of the Bebutov flow which is a universal space for all compact metric real flows, with no restriction; namely, into which any compact metric real flow embeds. The result is compared to previously known universal spaces.
Introduction
A tuple (X, G) is called a topological dynamical system if X is a topological space, G is a topological group with the unit e G , and Γ : G×X → X, (g, x) → gx is a continuous mapping satisfying Γ(e G , x) = x and Γ(g 1 , Γ(g 2 , x)) = Γ(g 1 g 2 , x) for each g 1 , g 2 ∈ G and x ∈ X. The most studied topological dynamical systems are those where G = Z or G = R. For the case G = R we say that (X, R) is a real flow (or a flow, for short). In this paper, we concentrate on real flows. A flow (X, R) is said to be a compact metric flow (resp. a separable metric flow, etc.) if X is a compact metric space (resp. a separable metric space, etc.). We will mainly focus on compact metric flows.
There are many examples of real flows. In fact, there are natural constructions for passing from a Z-action to a flow, and vice versa [BS02, Section 1.11].
Let (X, T ) be a Z-action, meaning that X is a compact metric space and T is a homeomorphism of X. Let f : X → R + be a continuous function bounded away from 0. Consider the quotient space
where ∼ is the equivalence relation (x, f (x)) ∼ (T x, 0). The suspension (flow) over (X, T ) generated by the roof function f is the flow (S f X, (ψ t ) t∈R ) given by ψ t (x, s) = (T n x, s ′ ) for t ∈ R and (x, s) ∈ S f X, where n and s ′ satisfy
In other words, flow along {x} × R + to (x, f (x)) then continue from (T x, 0) (which is the same as (x, f (x))) along {T x} × R + and so on. Since X is a compact metric space, the suspension is also a compact metric flow.
It is natural to seek one compact metric flow whose subflows exhaust all compact metric flows up to isomorphism. Moreover, the simpler this flow is the better. Formally, let (X, R) = (X, (ϕ r ) r∈R ) and (Y, R) = (Y, (φ r ) r∈R ) be two flows. We say that (Y, R) embeds into (X, R) if there exists an R-equivariant homeomorphism of Y onto a subspace of X; that is, there is a homeomorphism f : Y → f (Y ) ⊂ X such that f • φ r = ϕ r • f for all r ∈ R. Such a map f is called an embedding of the flow (Y, R) into the flow (X, R). We note that in this definition f (Y ) is equipped with the subspace topology. Let C be a family of flows. The flow (X, R) is said to be a universal flow (or sometimes said to be a universal space) for C if all (Y, R) ∈ C embed into (X, R). The more canonical the universal space is the more useful is its universality. terminology differs from the one appearing in very early articles [Nem54, Kon78] .
In the present paper, we follow Auslander's terminology [Aus88, Chapter 13].
The following is the famous Kakutani-Bebutov theorem.
Theorem 1.1. Let (X, R) = (X, (ϕ r ) r∈R ) be a compact metric flow and F = {x ∈ X : ϕ r x = x for all r ∈ R} be the fixed point set of the flow. If F is homeomorphic to a subset of R, then (X, R) embeds into the Bebutov flow
The embeddability of a compact metric flow in (C(R, [0, 1]), R) was first proven by Bebutov (see [Beb40, Nem54] ) under the assumption that the fixed point set has at most two points. The general version was proven by Kakutani [Kak68] in 1968 (see also [Aus88, Chapter 13]). In particular, any compact metric flow with no fixed points embeds into (C(R, [0, 1]), R). This is a wonderful theorem, 2 and it is very satisfying that C(R, [0, 1]) of the universal space is a function space. However, we remark that in this theorem, the compact metric flow (X, R) needs to satisfy some additional conditions; meanwhile, the universal space (C(R, [0, 1]), R) is not compact, nor locally compact. This is unfortunate.
The first is unfortunate because the theorem does not encompass all compact metric real flows. The second is unfortunate as one would like the universal space to belong to the family for which it is universal; namely, we would like the universal space to be a compact metric real flow.
Our aim is to find a compact metric universal flow for all compact metric flows; at the same time, as simple or canonical as possible. Indeed, we also would like our universal flow to be as "close" to the We now present the main result of our paper. Before we state our main result, we recall some necessary notions and results. We will use the theory of harmonic analysis. First recall that a rapidly decreasing function f is an infinitely differentiable function on R satisfying
for all n, j ∈ N. Denote by S(R) the space of all rapidly decreasing functions equipped with the topology given by the family of seminorms
This topology on S(R) is metrizable and S(R) is complete; namely, S(R) becomes a Fréchet space. We call a continuous linear functional on
For L 1 -functions (in particular, rapidly decreasing functions) f : R → C, the definition of the Fourier transforms is given by
In particular letting f = F (ψ) and g = ϕ, we have
We extend F and F to tempered distributions (in particular, to bounded continuous functions) ψ by the dualities F (ψ), ϕ = ψ, F (ϕ) and F (ψ), ϕ = ψ, F (ϕ) where ϕ are rapidly decreasing functions. For example, F (1) = δ 0 is the delta probability measure at the origin.
means that the pairing F (f ), g vanishes for any rapidly decreasing function
Let a < b be two real numbers. We define
is a compact metric space with respect to the distance d defined by One can also show that
where the closure is taken with respect to the distance d.
We now define the flow (B
Let a > 0 and define 
N is continuous and
is continuous with respect to t ∈ R, we know that for every x ∈ X,
For any x ∈ X, let us write
the metric on X and by d the metric on (C(R, [0, 1] N ), R). Since X is compact and φ is continuous, φ is uniformly continuous on X. Fix x ∈ X, m ∈ N and N ∈ N. Then for every ǫ > 0 there is ξ > 0 such that whenever z 1 , z 2 ∈ X with d X (z 1 , z 2 ) < ξ we have |φ n (z 1 ) − φ n (z 2 )| < ǫ for each n ∈ N with n ≤ m.
Since X is compact, for such ξ > 0 there exists δ > 0 such that for every y ∈ X satisfying d X (y, x) < δ we have d X (ϕ t (y), ϕ t (x)) < ξ for all t ∈ [−N, N ], which implies that
for all n ∈ N with n ≤ m. Thus, for every x ∈ X and every ǫ > 0 we can find δ > 0 such that for all those y ∈ X with d X (y, x) < δ we have d(F (y), F (x)) < ǫ.
This shows that
It is clear that F : X → F (X) is one-to-one since ϕ t and φ are homeomorphisms. Since X is compact and F : X → F (X) is continuous and one-to-one, we get that the map F : X → F (X) is a homeomorphism.
For every r ∈ R and x ∈ X, we have
for any t ∈ R, which shows that F is R-equivariant: F • ϕ r = ψ r • F for all r ∈ R. Thus, (X, R) embeds into (C(R, [0, 1] N ), R).
Next we consider compact subflows of the flow (C(R, [0, 1] N ), R). Let (X, R) and (Y, R) be flows. We say that (Y, R) is a subflow (or sometimes, a subspace) of (X, R) if Y is an R-invariant subset of X endowed with the subspace topology and R acts as the restriction on Y . In order to prove Theorem 1.2 it suffices to
show that (M, R) is universal for all compact subflows of (C(R, [0, 1] N ), R).
is a universal flow for all compact subflows of (C(R, [0, 1] N ), R). for all x ∈ R, and let ϕ n = F (ψ n ). Then we have the following:
Claim. (ϕ n ) n∈N is a sequence of functions over R satisfying: for every n ∈ N, as n → ∞, where h * ϕ n denotes the convolution of h and ϕ n .
4
In fact, put ϕ = F (ψ), then for each x ∈ R we have
Thus, ϕ : R → R is continuous, ϕ ≥ 0, and it holds that
Hence for every n ∈ N, by noting that it holds for all x ∈ R that
we have that ϕ n : R → R is continuous, ϕ n ≥ 0, and
Take h ∈ C(R, [0, 1]) and N ∈ N. Since for every n ∈ N we have R ϕ n (t)dt = 1, it holds that
for all x ∈ R. Fix ǫ > 0. Then we can choose δ ∈ (0, 1) such that |h(y 1 )−h(y 2 )| < ǫ/2 whenever y 1 , y 2 ∈ [−N − 1, N + 1] with |y 1 − y 2 | < δ. Since R |ϕ(y)|dy < ∞, |ϕ(y)|dy < ǫ 4 .
It follows that
as n → ∞. Finally, for every n ∈ N we have
This proves the claim.
Let (X, R) be a compact subflow of (C(R, [0, 1] N ), R). We are going to embed
as follows:
We should check that f i * ϕ n ∈ B 1 V n −n for any n ∈ N and f i ∈ C(R, [0, 1]). In fact, since ||f i || L ∞ (R) ≤ 1 and R |ϕ n (y)|dy = 1, we have
for all x ∈ R, which shows that ||f i * ϕ n || L ∞ (R) ≤ 1. Fix x 0 ∈ R and ǫ > 0. Since R |ϕ n (y)|dy < ∞, we can choose A > 0 sufficiently large such that
we have
This shows that f i * ϕ n is continuous. It is clear that f i * ϕ n is a real function.
and the fact that suppF (
Consider F : X → M . It suffices to show that the map F is an embedding of the flow (X, R) into the flow (M, R).
Write (X, R) = (X, (φ r ) r∈R ) and (M, R) = (M, (τ r ) r∈R ). Then for every r ∈ R and every f = (f i ) i∈N ∈ X, we have the following:
Since it holds that
for all x ∈ R, we get that F (φ r (f )) = τ r (F (f ) ). This indicates that F : X → M is R-equivariant: for any r ∈ R we have F • φ r = τ r • F .
It remains to check that the map F : X → F (X) is a homeomorphism.
Take f = (f i ) i∈N ∈ X and n ∈ N. Recall that the metrics on X ⊂ and δ > 0 such that for every g = (g i ) i∈N ∈ X with d(g, f ) < δ it holds that
Hence for every ǫ > 0 there exists δ > 0 such that for any g = (g i ) i∈N ∈ X with d(g, f ) < δ it holds that d(g i * ϕ n , f i * ϕ n ) < ǫ. This, together with the fact that F (X) is a subspace of M = n∈N (B 1 V n −n ) n equipped with the product topology, proves that F : X → F (X) is continuous.
To see that F : X → F (X) is one-to-one, we take f = (f i ) i∈N and g = (g i ) i∈N
in X with f = g. This implies that there is i ∈ N and some N > 0 such that
Since we have by the Claim that
Since X ⊂ C(R, [0, 1] N ) is compact and F : X → F (X) is continuous and one-to-one, we obtain that F : X → F (X) is a homeomorphism. This completes the proof.
Final remarks
In this section, we discuss a previously known result related to universal flows, and compare it with our explicit construction.
This is an abstract method, due to J. 1 -subalgebra of C u (X) we mean a closed subalgebra of C u (X) containing the constants and closed under complex conjugation. For an R-action on X we can naturally consider the induced R-action on C u (X) by (tf )(x) = f (tx) for any t ∈ R, f ∈ C u (X), and x ∈ X. In general, this action is not continuous on R × C u (X). We denote by U C(X) the set of all R-uniformly continuous functions on X; equivalently, U C(X) exactly equals the set of all those functions f ∈ C u (X) satisfying that the mapping R × C u (X) ∋ (t, g) → tg ∈ C u (X) is continuous at all points of R × {f }. One first verifies that the subset U C(X) of C u (X) is actually an R-invariant C * 1 -subalgebra of C u (X). Next we let M Finally, we pose a question which is related to Theorem 1.1.
Let C be the family of all compact metric flows (X, R) whose fixed point set F (X, R) is homeomorphic to a subset of R. 
